
Introduction

Let for loci A and B the true recombination frac-

tion be R (0� R � 0.50). For longer distances, R is
not an additive distance measure. The major rea-
son for this nonadditivity is the occurrence of mul-
tiple crossovers between the loci. Therefore, the
nonadditive recombination fraction R must be
converted into an additive map distance x = f (R).
Such transformations are called mapping func-
tions. Mapping functions have been commonly
used in genetic mapping.

The effect of a crossover in one chromosomal
region on the likelihood of a crossover in another
region is called interference. Depending on the as-
sumed mechanisms by which interference oper-
ates, many different map functions have been
developed (Ott 1991; Liu 1998), i.e. they describe
various degrees of crossover interference. There-
fore, the only valid criterion for the choice of a
mapping function in linkage map construction is
the degree to which the recombination data fit the
level of interference implied by the various map-
ping functions. Multipoint recombination data are
required to assess the level of interference. Many

recombination data, gathered over almost a cen-
tury in a wide range of organisms, roughly exhibit
a level of interference that corresponds to
Kosambi’s (1944) mapping function. Therefore,
many of the published genetic maps are based on
Kosambi distances. The most simplified assump-
tion of no crossover interference leads to
Haldane’s (1919) mapping function, which has
been also widely used in genetics. In this paper,
however, the choice and preference of a certain
mapping function is not the crucial question. This
study is devoted to a comparison of the random
variability of Kosambi distances and Haldane dis-
tances.

The map distance between loci A and B based
on Kosambi’s mapping function is denoted by XK,
and the map distance based on Haldane’s mapping
function is denoted by XH. One obtains (Ott 1991;
Liu 1998):
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where ln denotes the natural logarithm.

In the field of practical applications, the 2 spe-

cial cases unlinked loci, free recombination and

absolutely linked loci, no recombination are of no

relevance. For simplicity, it will be assumed that R

is less than 0.50 and different from zero, so that

these cases will not have to be considered sepa-

rately. These assumptions, of course, impose no

severe restrictions.
In applied genetic analysis, the true recombina-

tion fraction R is not known. R must be estimated
on the basis of a random sample of recombinant
and nonrecombinant individuals. This estimate is

denoted by �R. The corresponding estimate of the

map distance (obtained by applying a certain map-

ping function f), is �x = f ( �R). Both values �R and �x
must be considered as realizations of random vari-

ables �R and �x, since they depend on a random sample.

By (1) and (2), one obtains � . ln( �)x R
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The expectation and the variance of a random
variable x are denoted by E [x] and V (x), respec-
tively.

This paper is focused on the variances V( �x
H

)and

V( �x
K

) of map distances and in relationships between

the variability of Kosambi distances and the variabil-

ity of Haldane distances. This topic has received

only limited attention in the literature on genetic

mapping. The accuracy of genetic maps is mainly

determined by the uniqueness of map distances,

i.e. small random variability V( �x) of map dis-

tances. Therefore, improved knowledge on the

amount of random variability of map distances is

of particular importance.

Theory and results

Method of statistical differentials

A well-known method to obtain approximations

for expected values (E) and variances (V) of func-

tions of random variables uses the Taylor series

expansion of the function f( �R). This method has

been widely used under the name ‘method of sta-

tistical differentials’ (Johnson and Kotz 1969).

Estimators such as �R may be unbiased or bi-

ased, where the bias is defined as the difference

between the expectation (mean) of the estimate

and the true value: bias = E[ �R]– R. There may be a

practical concern about the accuracy of an esti-

mated recombination fraction and hence of a map-

ping function. Strongly biased estimators are of

limited value for genetic mapping, and their utility

is highly questionable. Therefore, knowledge of

the numerical amount of bias is of particular inter-

est.

Nevertheless, for simplicity here, let us first as-

sume that the estimator �R is unbiased: E[ �R]= R.

This assumption, however, imposes no severe re-

striction, and the investigations can be easily gen-

eralized for biased estimator �R (see: Discussion).

For unbiased �R, the simplification R � 0 and

R � 0.50 implies R = E[ �R] � 0 and R = E[ �R] � 0.50.

Following the method of statistical differen-

tials, it can be shown that

V( �x) = V f R( ( �)) �
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denotes the first derivative of

f( �R) calculated at �R = E[ �R], and the sign � means

‘is approximately equal to’ (Johnson and Kotz
1969).

Calculation and comparison of variances

From Eq. (1) and Eq. (3) one obtains
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From Eq. (2) and Eq. (3) it follows

V x
V R

R R
K

( � )
( �)

( ) ( )
�

� �1 2 1 22 2
(5)

By Eq. (4) and Eq. (5) one obtains the ratio of the

two variances
V x

V x
RH

K

( � )

( � )
( )� � �1 2 12 (6)

which demonstrates the relationship

V x V x
H K

( � ) ( � )� (7)

The variance of estimated Kosambi distances

is smaller than the variance of the corresponding

Haldane distances. The discrepancy between the

variances increases with increasing R.

As pointed out in Introduction, the smaller vari-

ability of Kosambi distances does not necessarily

imply a general superiority of Kosambi distances

compared to Haldane distances. The only valid cri-

terion for the preference of a certain mapping func-

tion in linkage map construction is the degree to

which the recombination data fit the level of inter-

ference implied by the diverse mapping functions.

The ratio of the variances V( �x
H

) and V( �x
K

) is

independent of the variance V( �R) of the estimated

recombination fractions. This ratio only depends

on the true recombination fraction R, and its nu-

merical values are between 1 and 4.
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Discussion

For the construction of genetic maps, nonadditive

recombination fractions must be transformed into

additive map distances. For this transformation,

many mapping functions have been proposed. The

most commonly used map functions have been de-

veloped by Kosambi and by Haldane. Each vari-

ability of the underlying recombination fractions

(whatever the cause for this variability may be) is

reflected by a corresponding variability of the cal-

culated map distances. For the construction of

map, it is of general interest to what extent random

fluctuations of the recombination fractions will be

transferred into a corresponding variability of map

distances. In respect of mapping, it is of particular

importance to know the characteristics of a special

mapping function with regard to this reflection of

a random variability of recombination fractions. If

one measures the variability by the statistic ‘vari-

ance’, the results of this paper demonstrate a

smaller variability of Kosambi distances, com-

pared to Haldane distances.

In the field of genetic mapping, a reduced vari-

ability of a set of map distances implies an in-

creased accuracy. Furthermore, this fact of smaller

variance involves some most important conse-

quences – for example with regard to significance

testing: If the variance is reduced, one can also re-

duce the necessary sample sizes that are required

to detect significant effects and differences.

A comparison of the variability of �x
K

with the

variability of �x
H

may be criticized if it is only

based on the variances V( �x
K

) and V( �x
H

). This crit-

icism relies on the dependence of the variability on

the numerical values of �x
K

and �x
H

, respectively.

For an objective comparison, the variabilities of
�x

K
and �x

H
should be expressed in a relative

(= standardized) measure. The coefficient of vari-

ation (= standard deviation expressed in units of

the mean) seems to be an adequate measure for

this comparison of variabilities. In this context,

therefore, many may prefer a comparison of the

coefficients of variation instead of a comparison

of the variances. By elementary statistical consid-

erations it can be concluded that the coefficient of

variation of estimated Kosambi distances is

smaller than the coefficient of variation of the cor-

responding Haldane distances. (The proof of this

result is not presented here, but it can be obtained

from the author upon request). Not only with re-

gard to variances, but also with regard to coeffi-

cients of variation, Kosambi distances exhibit a

smaller variability than Haldane distances.

The theoretical results of this paper have been

derived by applying the approximation in Eq. (3).

Perhaps it may be criticized that the accuracy of

this approximation has not been investigated and

studied quantitatively. However, in my opinion,

the accuracy of this widely used approximation

may be sufficient for the justification of the theo-

retically derived relationships of map distances.

However, if one is not satisfied by this accuracy,

an improved and more sophisticated analysis can

be easily carried out by an inclusion of higher or-

der terms in the Taylor series expansion, which is

the theoretical/methodological basis for this ap-

proximation. Such investigations and improve-

ments, however, are beyond the scope of this

paper.

Another simplification (unbiasedness) in the

section Theory and Results may be criticized: The

simplifying assumption of an unbiased estimator
�R, however, can be easily generalized for biased �R.

For this case, E[ �R] = R + bias, where the bias de-

pends on sample size. In most situations, the bias

declines quickly with increasing sample size (as-

ymptotic unbiasedness). For small samples, how-

ever, the bias can be particularly large. It depends

on the statistical properties of the estimator �R and,

of course, on sample size. For studies on bias, R

values must be replaced by (R + bias) values. Rele-

vant transformed numerical values are restricted

by the following conditions for Haldane’s map-

ping function:

1 – 2 (R + bias) > 0 or bias < 0.50 – R

and for Kosambi’s mapping function:

[1 + 2 (R + bias)] / [1 – 2 (R + bias)] > 0 or

–(0.50 + R) < bias < (0.50 – R).

These restrictions for the numerical value of

bias impose no relevant limitations for the theoret-

ical results of this paper, because the amount of

bias will be moderate or even small in the field of

practical applications in genetic mapping. Estima-

tors with particularly large biases are of no special

interest for genetic mapping.

For unbiased �R, the variances V( �x
H

) and V( �x
K

)

have been derived (see Theory and Results) by the
method of statistical differentials (Eq. 3), where

the first derivative of f R( �) must be calculated at R.

For biased �R, however, this first derivative must be

calculated at (R + bias). For the ratio of both vari-
ances, one obtains V( �x

H
) / V( �x

K
) � [1 + 2 (R +

bias)]2. This ratio exceeds 1 for bias > – R and for
bias < – 1 – R. Numerical values of the bias for the
residual interval – 1 – R < bias < – R are absolutely
unrealistic and of no relevance at all for genetic
mapping. Therefore, it can be concluded that the
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relationship in Eq. (7): V( �x
H

) > V( �x
K

) is valid not

only for unbiased �R but also for biased �R, i.e. the

variance of estimated Kosambi distances is always
smaller than the variance of estimated Haldane
distances. Bias is of no importance for this rela-
tionship.

Numerical example and experimental data

Only for demonstration purposes of the theoretical

results of this paper, some experimental data from

sugar beet breeding are presented here. For tightly

linked loci (about 1 cM apart), distances obtained

using Haldane’s or Kosambi’s mapping function

are approximately equal, and also equal to the re-

combination frequency. For such data, the rela-

tionships of this paper cannot be demonstrated

adequately. For large distances (some 25 cM), the

practioneer in genetic mapping would not even be

interested in knowing the exact precision of what-

ever measure of distance between loci. Neverthe-

less, in this paper, an example of experimental

data with just these large map distances is used to

demonstrate the theoretically derived relation-

ships. Sugar beet (Beta vulgaris L.) is a biennial

root crop that grows vegetatively in the first year.

It starts stem elongation (bolting) after exposure to

a period of low temperature, followed by cultiva-

tion under long-day conditions. The dominant al-

lele (B) of the bolting locus causes early bolting

(annuality) without cold treatment. This allele is

abundant in wild beets, whereas cultivated beets

carry the recessive allele (b). Outcrossing of wild

beets on seed multiplication plots may introgress

the dominant allele into cultivated biennial beets,

resulting in varieties contaminated with early-

bolting plants. Consequently, root yield and sugar

content are considerably reduced. Therefore,

breeders are mainly interested in minimizing pol-

len introgression from wild annual beets. A test

system to detect the dominant allele within com-

mercial seed lots would be beneficial. To realize

this goal, molecular markers tightly linked to the

bolting locus are of particular interest. These

markers can be used (1) to distinguish bolting

plants from nonbolting plants, and (2) as a basis

for positional cloning of the bolting gene.

The experimental marker data of this numeri-

cal example were taken from a genetic mapping

study of the bolting gene in sugar beet

(El-Mezawy et al. 2002). A large segregating

F2-population was derived after selfing a single

F1-plant (Bb), and some AFLP markers, tightly

linked to the bolting locus, have been identified by

using bulked segregant analysis. These closely

linked markers will enable breeders to select for

the nonbolting character without laborious test
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Table 1. Recombination fraction for AFLP markers P17 b126 and P04 b098 for 20 subpopulations,

Kosambi distances ( �xK ) and Haldane distances ( �xH )

Subpopulation Sample size Recombination fraction Kosambi distance Haldane distance

1 39 0.1611 0.1670 0.1944

2 39 0.2613 0.2899 0.3697

3 39 0.1695 0.1764 0.2070

4 39 0.2327 0.2520 0.3131

5 39 0.2579 0.2853 0.3626

6 39 0.2612 0.2898 0.3694

7 39 0.2466 0.2701 0.3398

8 39 0.2294 0.2478 0.3069

9 39 0.2327 0.2520 0.3131

10 39 0.2776 0.3129 0.4050

11 39 0.3220 0.3824 0.5164

12 39 0.2688 0.3003 0.3856

13 39 0.2678 0.2989 0.3835

14 39 0.1811 0.1897 0.2248

15 39 0.3477 0.4291 0.5943

16 38 0.2327 0.2520 0.3131

17 38 0.2452 0.2682 0.3370

18 38 0.2223 0.2389 0.2940

19 38 0.2320 0.2511 0.3118

20 38 0.1092 0.1109 0.1232

Mean 0.2379 0.2632 0.3332

Standard deviation 0.0538 0.0709 0.1053

Coefficient of variation 0.2261 0.2694 0.3160



crossings. In a first step of this large mapping

study, a genetic map was generated with 249

AFLP markers, based on 775 F2-individuals with a

coverage of 822.3 cM. The loci are dispersed over

9 linkage groups corresponding to the haploid

chromosome number of Beta species.
Two of these AFLP markers have been se-

lected for the purpose of the study presented here.
For this approach, the set of 775 individuals was
grouped randomly into 20 subpopulations with
sample size N (15 subpopulations with N = 39, 5
subpopulations with N = 38). Then, the recombi-
nation frequency between the two AFLP markers
P17 b126 and P04 b098 in each of these
subpopulations was calculated using the JoinMap
3.0 software. The results are presented in Table 1.

The standard deviation of Kosambi distances

(= 0.0709) is smaller than the standard deviation

of Haldane distances (= 0.1053). This result con-

firms the theoretical inequality in Eq. (7).

The same relationship is obtained for the coef-

ficients of variation. The coefficient of variation of

Kosambi distances (= 0.2694) is smaller than the

coefficient of variation of Haldane distances

(= 0.3160).

Therefore, it can be concluded that the experi-

mental data from Table 1 are in excellent agree-

ment with the theoretical findings of this paper.
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